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Mathematics Extension 2

General Instructions

Reading time — 5 minutes

Working time — 3 hours

Write using black or blue pen

Black pen is preferred

Board-approved calculators may be used
A reference sheet is provided at the back
of this paper

e All relevant mathematical reasoning
and/or calculations must be shown

Total marks — 100

Section |  (Pages 2-6)

10 marks

Attempt Questions 1-10

Allow about 15 minutes for this section

Section Il (Pages 7-16)
90 marks

Attempt Questions 11-16
Allow about 2 hours 45 minutes for

this section



Section |

10 marks

Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1 to 10.

1 The graph shown below could have the equation

2 2
(A) (xl_;)z —);T=-l
(B) “;6)2—%—-1
2
©) “‘Tﬂj—%z-l
(D) (xgér—é:-l

2 On an Argand diagram, the points A and B represent the complex numbers z, =-2iand z, =1 - J?Ti .
Which of the following statements is true?

(A) arg(z,)” = arg(z))
ZI T
(B) arg| | =
©  anzz)-
3
(D) arg(z,~2,) =5



3 Let a, B and y be the roots of the equation x* + x> — 1 = 0 . The polynomial equation with roots
2a,2f and 2y is:

(A) ¥+22-8=0
(B) A2+ 8=0
(C) 8’ —4x*+1=0
(D) 8’ +4x"—1=0

4 Giventhat w’=1and that w is complex, the value of (1 + w— wz)3 is:

(A) -8
(B) -1
(©) 1
(D) 8

5 The areaenclosed by y= Jx” — 1 and the line x = 2 and the x axis is rotated about the y axis.

/

P(x,y)

The slice at P(x,y) on the curve is perpendicular to the axis of rotation.
The volume &V on the slice of the annulus is

(A) fr(4 N l)c?y
(B) fr[2 —h 1]5y

(€) (1 —3%) 8y
(D) (3 -3%) 8y



6 The graph of y= f(x) is shown below.

Which is the correct graph of [y| = f(x)
(A) A (B)

(©) v (D)




2
qdx+2

(B) %—x+tanle+c'
X 4 14x + 2

©) S oXtzan ——— +c

(D) .4 g 2L
~ =X —— lan
2 N B

d
If f+e"'=1 then—yis:

dx
W e
& o
©
(D) —e



9 A particle of mass M kg is projected vertically upwards, from rest, with velocity

V ms” . The resistive force is kv Newtons, where k is a positive constant.
The equation of motion which will enable determination of the maximum height reached is:

(A) —Mg—Mkvzsz%
(B) —Mg—kv2=Mv%
©) Mg—Mkv2= —Mv%
(D) Mg+ kv2=M%

10 How many ways are there of choosing 3 different numbers in increasing order from the numbers 1, 2,
3,4, ..., 10 so that no two of the numbers are consecutive?

A) 20
(B) 48
©) 56
(D) 72

End of Section |



Section 11

90 marks
Attempt questions 11 -16
Allow about 2 hours 45 minutes for this section

Answer each question on the appropriate page of your answer booklet
In Questions 11-16, your responses should include relevant mathematical reasoning and/ or calculations.

Question 11 (15 marks) Answer on the appropriate page

a) Find:

tanx

2
J COS X

[ l

ii) “ fxi(l 5 dx 2
b) If z=2+iandw=3—ifind fT in the form a + ib. 2
c) i) Show that z= 1 + i is a root of the equation z* — (3 —2i)z+ (5—i)=0. 2
)] Find the other root of the equation. 1
d) Shade on an Argand diagram the region represented by the complex number z 3

where %s argz < 1, 1 < Im(z) < 3and | < 4

Question 11 continues on next page

-7-



Question 11 (continued)

e) The area between the curve y = In(x + 1), the x axis and the line x =1 is
rotated about the y axis.

y=In(x+1)

Find the volume of the solid of revolution formed using the method of cylindrical shells. 4

End of Question 11



Question 12 (15 marks) Answer on the appropriate page

(@) If @, fand y are the roots of the cubic equation x* + px+ ¢ =0, find in terms
of p and g, the values of

(b) A tangent is drawn at any point P[ ct., g] on the hyperbola xy = ¢* . This tangent

meets the x axis at Q. Through Q a straight line | is drawn perpendicular to the
tangent. The line I cuts the hyperbola in the two points U and V.

\

i Show the equation of the tangent is x + £y = 2ct
(i) q g )

(i) Find the coordinates of Q.

(iii)  Find the equation of the line I.

(iv)  If M is the midpoint of the interval UV, show that the coordinates of M are (ct, — cr3)_

(V) Hence find the locus of M as the point P varies.

. . N20-x-5 . .
(c) Find lim iﬁ without the aid of a calculator.

End of Question 12

-9-
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Question 13 (15 marks) Answer on the appropriate page

(@) The diagram is a sketch of y = f(x) .
y

g
o+

Draw separate one third page sketches of the graphs of the following:

_ L
J(x)

@iy y=f(KD
i)  y=J®)
(iv)  y=In(f(x)

M vy

Question 13 continues on the next page
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Question 13 (continued)

ta

T
a a Z
, ; 1-
(b) Use the result J_f (x)d.\':J f(a—x)dx to evaluate J @
0 0 0

g

dx .

=

(c) Giventhat / =| cos"xdx

= * Mg

-1
()  Showthat/,="——1, ,

057
(i) If 7,= 768 explain, without finding the value of n, why n must be even.

) ) 1057
(iif) ~ Hence find the value of nif 7, = ETTR

End of Question 13
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Question 14 (15 marks) Answer on the appropriate page

] (x + 1dx
(a) Find J—(Zx—l)(l—x)

41 - 1)

4

() (1) If 7= tanx prove that tan4x = >
t —6t +1

(i)  If tanx tan4x = 1 deduce that 5/ — 10+ 1=0

(iif)  Itis known that both x = 18° and x = 54° satisfy the equation tanx tan4x = 1.

Find the exact value of tan 54° .

Question 14 continues on the following page

-12-



Question 14 (continued)

(©

A regular tetrahedron TBCD has six sides each of length a units. The point H
marks the centre of equilateral triangle BDC. The line TXH is perpendicular to
the plane BDC. The plane PQR is parallel to the plane BDC.

TX is taken x units from T such that 0 <x < TH.

(i)

(i)

(iii)

2
Show that TH> =2T“ 2

. . 3J3 .
Show that the cross sectional area of the slice of APQR is ?J_xz square units. 2

Hence, by considering the typical slice APQR of thickness Ax units, 2

3

) 2 . )
show that the volume of the tetrahedron TBCD is 01_2 cubic units.

End of Question 14
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Question 15 (15 marks) Answer on the appropriate page

@) The letters A, B, C, D, E, F, I and O are arranged in a circle. In how many ways
can this be done if at least two of the vowels are together?

(b) A circle has two chords AB and MN intersecting at F. Perpendiculars are drawn to these
chords at A and at N intersecting at K. KF produced meets MB at T.

Q) Copy or trace into your answer booklet
(i) Explain why AKNF is a cyclic quadrilateral.

(iii)  Prove that KT is perpendicular to MB.

Question 15 continues on the following page



Question 15 continued

(c) A plane of mass M kilograms on landing experiences a variable resistance force (due to
air resistance) of magnitude Bv? Newtons, where v is the speed of the plane.

After the brakes are applied the plane experiences a constant resistive force A Newtons
(due to the brakes) as well as the variable resistive force B .

(i) Show that the distance travelled, D,, in slowing from speed V to 3

4

M
speed U under the effect of air resistance is given by D, = 3 ln[ 5] .

(ii)  After the brakes are applied with the plane travelling at speed, U, show thatthe 3

M B
distance, D,, required to come to rest is given by D, = 2B ln{ 1+ 1 U?'] :

(iii))  Use the above information to estimate the stopping distance for a 100 tonne 2

plane if it slows from 90ms™ to 60ms™ under a resistive force of magnitude

125v* Newtons and is finally brought to rest with the assistance of constant
braking force of magnitude 75000 Newtons.

End of Question 15
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Question 16 (15 marks) Answer on the appropriate page

(@) If x=cot #andy=sin"8

dv
Q) Show that Zfi_:: -2sin’ @cos @

(i)  Prove, by mathematical induction, —= (-1)"n! sin" " '@ sin(n + 1)8

dt” =

for all positive integral values of n.

(b) The points A, B and C, represented by the non zero complex numbers z, w and t
respectively, are the vertices of a right angled triangle ABC on an Argand diagram.

If AC is the hypotenuse and AB is 3 times the length of BC show that
2wz +96) =2+ 97 + 10w .

(c) A point P(a,b) lies on the circle x*+ y* — 10x — 14y + 73 = 0. Prove that

3 3a+2b 17
4 4a+b 11

(@) (1) Show that tan ](n + 1) —tan '(n —1)=tan '—2 where n is a positive integer.
n

(i) Hence or otherwise show that for » > 1,
2 : 12 3w q 2nt1
tan 5 =—+tan ——
— ¥ 4 l—-n—-n"

12
(iii)  Hence write down Ztan '—2
,

r=1

End of paper
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